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SOME QUOT SCHEMES IN TILTED HEARTS
AND MODULI SPACES OF STABLE PAIRS
FRANCO ROTA
Abstract. For a smooth projective varietyX , we study analogs of Quot schemes using hearts
of non-standard t-structures of Db(Coh(X)). The technical framework uses families of
t-structures as studied in [BLM+19]. We provide several examples and suggest possible di-
rections of further investigation, as we reinterpret moduli spaces of stable pairs, in the sense
of Thaddeus [Tha94] and Huybrechts–Lehn [HL95], as instances of Quot schemes.
1. Introduction
Grothendieck’s classical Quot scheme parametrizes flat families of quotients of a fixed
sheaf over a projective variety X (see [Gro95]). The natural setting for this moduli prob-
lem is the abelian category of coherent sheavesCoh(X), which can be regarded as the heart
of the standard t-structure ofDb(Coh(X)).
In this note, we study examples of certain Quot spaces which generalize the classical no-
tion: Quot spaces parameterize quotient objects of fixed numerical class v in abelian subcate-
goriesA ⊂ Db(Coh(X)), which are the heart of different t-structures ofDb(Coh(X)). We
focus mostly on the case whenA is obtained fromCoh(X) by tilting (once or twice), as these
hearts play an important role in the study of Bridgeland stability conditions [Bri07].
The construction of Quot spaces hinges on the technical tools developed in [AP06] and
[Pol07], Quot spaces appear in [Tod08] and [BLM+19], where the authors discuss repre-
sentability and verify a valuative criterion for properness. We recall their results in Section
2 . Section 3 describes some examples of Quot spaces on curves and surfaces, and illustrates
properness of Quot spaces by computing explicit limits of families of sheaves.
Quot spaces provide a very general working framework: Sections 4 and 5 reinterpretmod-
uli spaces of stable pairs on curves and surfaces as examples ofQuot spaces, they represent the
bulk of thiswork. Section 4 focuses onmoduli spaces ofBradlow-Thaddeus-Bertram stable pairs
on a curve C , studied, for example, in [Bra91, Tha94, Ber97]. These are pairs (E, s), where
E is a rank 2 vector bundle on C and s : OC → E is a holomorphic section ofE , satisfying
a GIT-type stability condition with respect to a parameter σ. Their stability is related via the
the Kobayashi-Hitchin correspondence to solvability of certain PU(2)-monopole equations
(see [Dow00] and references therein). First, we interpret moduli spaces of BTB-stable pairs
as Quot schemes. Then, we construct determinant line bundles on these Quot schemes, and
study the birational geometry they induce (Section 4.2). The results can be summarized as
follows:
Theorem 1.1 (see Theorem 4.4). LetMsσ(2, D) be the moduli spaces of σ-stable pairs of rank
2 and determinant OC(D). Then there exists a one-parameter family of Quot spacesQ
β(v), with
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β = β(σ), such that
Qβ(v) ≃Msσ(2, D).
Moreover, determinant line bundles in Pic (Qβ(v)) induce a sequence of moduli spaces and bira-
tional maps
(1) Q
d
2 (v) · · · Qd−2(v) Qd−1(v)
φ d
2 φd−2 φd−1
which coincides with the wall-crossing diagram obtained by Thaddeus in [Tha94].
We expect that the determinant bundle construction may prove a crucial role in proving
the projectivity of Quot spaces in general, and studying their birational geometry. This rep-
resents a direction of future investigation but remains out of the scope of this work. On the
other hand, Quot spaces can provide insight into birational geometry questions: for example,
Bridgeland realizes threefold flops as instances of Quot schemes in [Bri02].
In the same spirit as above, Section 5 relates Quot schemes and Huybrechts–Lehn pairs for
curves and surfaces constructed in [HL95]. A HL-pair is a pair (E, s∗) whereE is a sheaf on
a smooth projectiveX and s∗ : E → E0 is a map to a fixed sheaf onX . Section 4.3 makes
the duality relation between HL- and BTB-pairs explicit, at least in the case of curves.
Moving to higher dimensions, one considers a tiltCoh(X)with respect to Gieseker slope
rather than Mumford slope, and a polynomial stability parameter α. Our first observation is
a simple consequence of [HL95]:
Corollary 1.2 (see Cor. 5.7). LetX be a smooth projective variety, and letMsα(P,E0) denote the
space ofα-stable HL-pairs onX with fixed Hilbert polynomialP . Then there exists a one-parameter
family of Quot spaces,Qβ(v), with β = β(α) and v = v(P ), such that for generic values of β we
have
(2) Msα(P,E0) ≃ Q
β(v).
In the case thatX is a surface and E0 = OX , we obtain a more precise statement (Theo-
rem 5.8), which involves a family of quot schemes parametrized by a polynomial parameter
δ and is analogous to Theorem 1.1 above. Like in the case of curves, we define determinant
line bundles on the schemesQδ(v) and establish some positivity properties (Lemma 5.11).
In the last section we consider a smooth projective surface S and Quot spaces in a double
tilt of Coh(S), and we give other applications and examples. Section 6.1 describes a class of
quotients which are a higher-dimensional analog to the picture obtained in [Ber97] for BTB-
pairs: the Quot schemes coincide with certain linear series on S , and the first wall-crossing
morphism is the blowup of a copy of S in the linear series. A similar phenomenon is studied
for Veronese embeddings of P2 in [Mar17].
Pandharipande-Thomas stable pairs [PT09] are also an example of Quot spaces in a single
tilt [Bri11, Lemma 2.3]. Section 6.2 draws a comparison between certain Quot schemes in a
double tilt and the moduli spaces of PT-pairs and illustrates a simple example.
Conventions. We work over the field of complex numbers. If Y is a scheme, we denote by
Dqc(Y ) the unbounded derived category ofOY -moduleswith quasi-coherent cohomologies.
For a Noetherian scheme S , we letK0(S) (resp. K(S)) denote the Grothendieck group of
vector bundles (resp. coherent sheaves) on S. If X is a smooth quasi-projective variety, we
denote byD(X) = Db(Coh(X)) the bounded derived category of coherent sheaves onX ,
and byN(X) := K(X)/ radχ its numerical Grothendieck group.
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2. Preliminaries
This section recollects preliminary facts about t-structures on triangulated categories, fam-
ilies of t-structures and Quotient spaces. We follow the setup in [BLM+19], we point the
reader there for the results in full generality.
2.1. Torsion pairs and t-structures on triangulated categories. First, we recall some ter-
minology:
Definition 2.1. Given an abelian categoryA, a torsion pair (or torsion theory) forA is a pair
of full subcategories (T ,F) such that:
• Hom (T ,F) = 0;
• for anyE ∈ A, there exists a short exact sequence
0→ E ′ → E → E ′′ → 0
whereE ′ ∈ T andE ′′ ∈ F .
Definition 2.2. A t-structure on a triangulated category D is a pair of full triangulated sub-
categories (D≤0,D≥0) such that:
• Hom(D≤0,D≥1) = 0 (where we writeD≤i := D≤0[−i] andD≥i := D≥0[−i]);
• For allE ∈ D, there exists a triangle
E ′ → E → E ′′ → E ′[1];
whereE ′ ∈ D≤0 andE ′′ ∈ D≥1.
• D≤0[1] ⊂ D≤0.
The heart of a t-structure is the intersection C = D≤0 ∩ D≥0. It is an abelian category and
short exact sequences in C are precisely triangles with objects in C.
Given a torsion pair (T ,F) on an abelian categoryA,we can define a t-structure onD(A)
in the following way: set
D≤0 :=
{
E ∈ D(A) |H i(E) = 0 for i > 0 andH0(E) ∈ T
}
D≥0 :=
{
E ∈ D(A) |H i(E) = 0 for i < −1 andH−1(E) ∈ F
}
The heart of the above t-structure is an abelian categoryA† = 〈F [1], T 〉, known as the tilt
of the abelian categoryAwith respect to the torsion pair (T ,F). Explicitly, objectsE ∈ A†
are characterized by the following conditions:
H i(E) = 0 for i 6= 0,−1;
H0(E) ∈ T andH−1(E) ∈ F .
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2.2. Collections of t-structures on a family. In this section, we recall the main aspects
of [BLM+19, Section 11], which represents the theoretical framework for this work. LetX
be a smooth projective variety, and let S a smooth quasi-projective variety. We will only
consider constant families of varieties over S , so for every scheme T over S , we writeXT as
a shorthand for the productX × T .
Definition 2.3. A fiberwise collection of t-structures on D(X × S) over S is a collection τ =
{τs}s∈S of t-structures τs onD(Xs) for every (closed or non-closed) point s ∈ S.
This allows us to define flat objects. To do so, we will need to consider base change of
families of t-structures, as in [BLM+19, §5]. For a scheme Y , we denote by Dqc(Y ) the un-
bounded derived category ofOY -modules with quasi-coherent cohomologies. Nevertheless,
this category does not play an important role in the rest of the paper.
Definition 2.4. Let τ be a fiberwise collection of t-structures onD(X × S) over S. Let s
be the image of a point t ∈ T under a morphism T → S: base change of τs gives rise to a
t-structure τˆt onDqc(Xt), write (Aqc)t for its heart (see [BLM
+19, Theor. 5.3]). We say that
an object E ∈ D(Xt) is T -flat with respect to τ ifEt ∈ (Aqc)t for all t ∈ T .
And to introduce the notion of openness of flatness:
Definition 2.5. The fiberwise collection of t-structures τ satisfies openness of flatness if for
every S-perfect objectE ∈ D(X × S), the set
{s ∈ S |Es ∈ (Aqc)s}
is open. Similarly, τ universally satisfies openness of flatness if for every T → S and every
T -perfect object E ∈ D(XT ), the set
{t ∈ T |Et ∈ (Aqc)t}
is open.
2.3. Quot spaces. Suppose we have a fiberwise collection τ of t-structures onDb(X × S)
over S which universally satisfies openness of flatness. We can then define the Quot spaces:
Definition 2.6. Let V ∈ D(X × S) be an S-perfect and S-flat object, and fix a class v ∈
N(X). We denote by
QuotτX/S(V, v) : (Sch /S)
op −→ Sets
sending a S-scheme T to the set of morphisms VT → Q such that
(1) Q ∈ D(XT ) is T -perfect and T -flat with respect to τ ;
(2) The morphism Vt → Qt ∈ (Aqc)t is surjective for all t ∈ T ,
(3) the class [Qt] = v ∈ N(Xt) ≃ N(X) for all closed t ∈ T .
Given T ′ → T , the corresponding map QuotτX/S(V )(T ) → Quot
τ
X/S(V )(T
′) is given by
the pull back of VT → Q to VT ′ → QT ′ .
Proposition 2.7 ([BLM+19, Prop. 11.6]). QuotτX/S(V, v)(T ) is an algebraic space locally of
finite presentation over S.
Remark 2.8. The numerical class v does not appear in the definition of [BLM+19, Section
11], but we may fix it here since we are working on a productX ×S. However, this does not
guarantee that the Quot space is of finite presentation over S. In [Tod08], the author gives
criteria for the boundedness of Quot spaces based on the existence of Bridgeland stability
conditions.
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2.4. Valuative criterion for Quot spaces. The authors in [BLM+19] investigate the fol-
lowing valuative criterion for properness for Quot spaces.
Definition 2.9. Let f : Z → Y be a morphism of algebraic spaces. Let R be a discrete
valuation ring with fraction fieldK . Then we say that f satisfies the strong existence part of the
valuative criterion with respect to Spec(R)→ Y if for any commutative square
(3)
Spec(K) Z
Spec(R) Y
f
there exists a dashed arrow making the diagram commute. We say that f satisfies the unique-
ness part of the valuative criterion with respect to Spec(R) → Y if, there exists at most one
dashed arrow making the diagram above commute.
To give the precise statement, we introduce the notion of a local t-structure onD(X×S).
Definition 2.10. A t-structure onD(X×S) is calledS-local if for every quasi-compact open
U ⊂ S , there exists a t-structure onD(X×U) such that the restriction functorD(X×S)→
D(X × U) is t-exact.
Remark 2.11. AnS-local t-structure onD(X×S) (also called a sheaf of t-structures onD(X×
S) over S in [AP06]) produces a fiberwise collection of t-structures via base change as in
[BLM+19, Theorem 5.3]. The next definition is about the converse.
Definition 2.12. Let τ be a fiberwise collection of t-structures onD(X×S) overS , and let
T → S be a morphism from a scheme T which is quasi-compact with affine diagonal. We
say τ is integrable over T if there exists a t-structure τT onD(XT ) such that for every t ∈ T
the t-structure on D(Xt) induced by base change agrees with the t-structure τˆt on D(Xt)
from above. In this situation, we say τ integrates over T to the t-structure τT .
Then we have the following:
Proposition 2.13. Let V ∈ D(X ×S) be an S-perfect and S-flat object. Let Spec(R)→ S be
a morphism, and assume that τ integrates over Spec(R) to a bounded Spec(R)-local t-structure
on D(XR) whose heart AR is noetherian. Then the morphism Quot
τ
X/S(V ) → S satisfies the
strong existence and the uniqueness parts of the valuative criterion with respect to Spec(R)→ S.
Proof. This is aweaker restatement of Proposition 11.11 in [BLM+19]. There, the assumption
on the Noetherianity ofAR is replaced by the weaker requirement thatAR has a Spec(R)-
torsion theory (see [BLM+19, Section 6]). 
Remark 2.14 (Constant families of t-structures). In what follows we will focus mainly on
fiberwise collections of t-structures onX × S which are constant over S , i.e. τs is the same
t-structure onD(Xs) ≃ D(X) for all closed s ∈ S.
Examples of such collections were constructed in [AP06], starting from a given t-structure
τ on D(X). In the case that τ is noetherian (i.e., it has a noetherian heart), then the corre-
sponding constant collection τ is S-local and satisfies openness of flatness. Moreover, the
associated Quot spaces satisfy the above valuative criterion (a proof of Prop. 2.13 in this set-
ting appears in the author’s PhD thesis [Rot19]).
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2.5. A premise to the remaining Sections. What follows contains several examples of
Quot spaces. Some of the t-structures considered do not clearly fit the framework of Sec-
tion 2. For example, openness of flatness is problematic for a constant family of t-structure
constructed from a t-structure which is only tilted-Noetherian (i.e. a t-structure that can be
obtained by tilting a noetherian one. These are also called close to noetherian in [Pol07]) and
not noetherian (see Remark 3.2). However, it will be clear a posteriori that the Quot spaces
considered below are represented by projective schemes of finite type.
3. Some Quot spaces and wall-crossing phenomena
Before moving on to a more systematic study of some Quot spaces, we present a few small
examples for concreteness’ sake. This also allows us to introduce some notation.
First, we recall the definition of an important t-structure onDb(Y ), in the case that Y is a
smooth projective variety.
Definition 3.1. If Y is a smooth projective variety of dimension n with an ample class H ,
we define theMumford stability function as
Z(E) = − deg(E) + i rk(E)
and the associated slope to beµ(E) := deg(E)
rk(E)
wheredeg(E) := ch1(E).H
n−1 and rk(E) :=
ch0(E)H
n. The function Z allows one to define a torsion pair:
T β = {E ∈ Coh(Y ) | any quotientE ։ G 6= 0 satisfies µ(G) > β},
Fβ = {E ∈ Coh(Y ) | any subobject 0 6= F →֒ E satisfies µ(F ) ≤ β}
and a corresponding t-structure τβµ whose heartCoh
β(Y ) := 〈Fβ[1], Tβ〉 is called the tilt of
Coh(Y ) along the torsion pair (T β,Fβ).
For a base S , we denote by τβµ the constant fiberwise collection of t-structures on Y × S
obtained from τβµ .
Remark 3.2. The heart Cohβ(Y ) is noetherian if β ∈ Q [MS17, Lemma 6.17], but it is not
noetherian in general. This seems to be a known fact, but we give here an explicit counterex-
ample (Example 3.3).
Example 3.3 (A non-noetherian tilt). The fact that Cohβ(C) is not noetherian in general is
known but little is present in the literature about it, we provide here an explicit counterex-
ample. Let C be a smooth elliptic curve, and let 0 < β ∈ R \ Q. Let Z be the Mumford
stability function and consider its image Z2 ⊂ C ≃ R2. Denote by α0 = (0, 1) the image of
OC and by w = (−1, 0) that of a skyscraper sheaf. The line l := {y = −
1
β
x} has irrational
slope in R2.
Claim. There exists a point α = (r,−d) ∈ Z2 such that:
(i) 0 < d
r
< β < d
r−1
;
(ii) α is primitive;
(iii) the triangle bounded by the line l, the line through α, and the horizontal line y = r
contains no lattice point except from α.
Proof of claim. The condition d
r
< β < d
r−1
is equivalent to requiring that the vertical dis-
tance between α and l be smaller than 1. This can be arranged: since β is irrational, the
translation orbit of l in the flat torus R2/Z2 is dense, so there are lattice points arbitrarily
close to l. Then, pick such an α′ = (r′, d′), and consider the triangle T bounded by the line
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l, the line through α′, and the horizontal line y = r′. If T contains any lattice points γ, they
still satisfy (i). One of these lattice points must satisfy (iii), and hence also (ii). 
Pick α1 := α = (r1, d1) as in the CLaim, and let µ1 =
d1
r1
. We can apply a change of
coordinates φ sending α1 7→ α0, and w 7→ w, and apply the Claim once more with the
transformed line φ(l), to find a lattice point α′2, write α2 = (r2, d2) := φ
−1(α′2) for its
inverse image, it satisfies (i). As above, by possibly replacing α2 with another lattice point
we may assume it satisfies (ii) and (iii). Iterating this process, we can construct a sequence of
lattice points αi = (ri, di), with slopes µi :=
di
ri
, satisfying:
(1) for all i, 0 < µ1 < ... < µi < β <
di
ri−1
;
(2) αi are primitive;
(3) the triangle Ti bounded by l, the line through the origin and αi, and the horizontal
line y = ri contains no lattice points except αi.
By Atiyah’s classification of stable bundles on elliptic curves, for each i there exists a slope-
stable vector bundleAi onC , of rank ri and degree di [Ati57]. By stability,Ai ∈ F
β for all i,
soAi[1] ∈ Coh
β(C).
The claim now is that there exists a sequence of maps
A0 := OC
q0
−→ A1
q1
−→ A2
q2
−→ ...
qi
−→ Ai → ...
and that each qi[1] is an epimorphism inCoh
β(C). Thiswill give the chain of non-trivial quo-
tients which contradicts noetherianity: the chain of kernelsMi := ker(qi[1]) ∈ Coh
β(C)
produces an infinite chain of subobjects
M0 (M1 (M2 ( ... ( OC [1].
First, the existence of such maps is a Riemann–Roch computation:
hom(Ai, Ai+1) ≥ χ(Ai, Ai+1) = ridi+1 − ri+1di = (µi+1 − µi)riri+1 > 0,
so we may pick a non-zero qi ∈ Hom(Ai, Ai+1). Each map qi has a kernel and a cokernel
Ki → Ai
qi−→ Ai+1 → Hi,
and qi[1] : Ai[1]→ Ai+1[1] is an epimorphism inCoh
β(C) if and only if the complexKi[1]⊕
Hi ∈ Coh
β(C). Since Ki is a subsheaf of Ai we haveKi ∈ F
β , so we only need to check
Hi ∈ T
β . This is true: by stability of Ai+1 we have that µ(Q) > µi+1 for all quotientsQ of
Hi, and Z(Q) /∈ Ti+1 by (3), which showsHi ∈ T
β (see Fig. 1).
Definition 3.1 suggests that varying the parameter β may give rise to wall-crossing phe-
nomena. This is illustrated in the next few sections.
3.1. Atiyah flop as wall-crossing of Quot schemes. LetX := P1 × S , where
S := HomP1(O(−2),O) = A
3
is the space of quadrics in P1. Let V ∈ D(X) be the universal quadric. For φ ∈ S a closed
point, we have Vφ := [O(−2)
φ
−→ O]. LetCp denote a skyscraper sheaf supported at p ∈ P
1.
For β ∈ R, define by τβs := τ
β
µ on Xs = P
1
s , and let τ
β be the corresponding fiberwise
collection of t-structures onX over S. We describe the Quot space
QβS := Quot
τβ
X/S(V, [Cp])(S),
as β varies in an interval I := (−1− ǫ,−1 + ǫ), denote byQβT its base change over T → S.
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Z(Ai)
Z(Ai+1)
Ti
Ti+1
Z(Hi)
T β
Fβ
Figure 1. The positions of Z(Ai), Z(Ai+1) andZ(Hi).
If φ 6= 0, then Vφ is quasi isomorphic toOZ where Z is a length 2 subscheme of P
1, hence
Qβ
A3\{0} is a 2: 1 cover of A
3 \ {0} ramified over the quadric defined by the discriminant.
This is independent of the value of β.
In other words,Qβ
A3\{0} is isomorphic to the coneX over a quadric inA
4 with the vertex
removed. Such a cone admits two small resolutionsX+ andX− related by a flop. Let−1 <
β+ ∈ I and−1 > β− ∈ I . The exact sequence in cohomology of a quotient inQβ
+
0 reads
0→ O(−2)→ O(−1)→ Cp
0
−→ O
∼
−→ O → 0
so thatQβ
+
0 ≃ P
1.
Similarly, the cohomology sequence of a quotient inQβ
−
0 has the form
0→ O(−2)
∼
−→ O(−2)→ 0→ O(−1)→ O → Cp → 0
andQβ
−
0 ≃ P
1. This gives a descriptionX− ≃ Qβ
−
S andQ
β+
S ≃ X
+.
Remark 3.4. In this example, we can interpreted the base space to be S × I , where the col-
lection of t-structures is given by τβµ on all closed points in S × {β}. However, it helps the
exposition to keep parameters in S and I separate.
3.2. Point quotients of cubics on P1. This time, let S be the space of cubics on P1, S :=
HomP1(O(−3),O) = A
4, and keep the rest of the notation as in the previous example. Let
V ∈ D(X) be the universal cubic and consider the relative Quot scheme
QβS := Quot
τβ
X/S(V, [Cp])(S)
as β varies in an interval I := (−1 + ǫ,−2 − ǫ).
Arguing as in the previous example, one sees that Qβ
A3\{0} is a 3: 1 cover of A
4 \ {0}
ramified over the quartic discriminant hypersurface. This is independent of the value of β.
We have that V0 = O⊕O(−3)[1]. If β > −1, thenO(−1) ∈ F
β . Consider a short exact
sequence
(∗) : 0→ K → V0 → Q→ 0.
The only possibility for the associated exact sequence in cohomology is
0→ O(−3)→ O(−1)→ OZ
0
−→ O
∼
−→ O → 0
8
where Z is a length 2 subscheme of P1 (if H0(Q) is torsion, then H0(K) surjects on some
O(d) with d < 0, which is in not in T β). After crossing the wall at β = −1, we see that the
cohomology sequence associated to (∗) has the form
0→ O(−3)→ O(−3)→ 0→ O(−1)→ O → Cp → 0
Then, Q−1−ǫ0 is identified with P
1 ≃ P(Hom(O(−1),O)). The value β = −2 is only
a potential wall: the objectO(−2) does not appear in the Harder-Narasimhan filtrations of
any of the quotients appearing in Q−2+ǫ0 and Q
−2−ǫ
0 : one checks that they have to have the
same cohomology sequence on both sides of the wall).
3.3. Non-emptiness across a wall. We consider now the following example: let S denote
the space
S = P5 = P(Ext2 (OP2 ,OP2(−5))),
and let V be the corresponding universal extension onX := P2 × S. For β ∈ R, define by
τβs := τ
β
µ onXs = P
2
s , and let τ
β be the corresponding fiberwise collection of t-structures
onX over S. Let v := 5 [O(−3)[1]], and consider the Quot spaces
Quotτ
β
X/S(V, v)
for β ∈ (−3,−2]. The general extension class in S is represented by a complex
V := O(−3)5 → O(−2)5.
There’s a two-dimensional locus S ′ in S representing extension classes of the form
W := O(−4)⊕O(−3)2 → O(−2)2 ⊕O(−1)
For β ∈ (−3,−2], we have V,W ∈ Cohβ(P2). One sees immediately that V admits an
obvious family of quotients of class v. We now exhibit a quotient of class v forW , proceeding
by cases.
Case β < −5
2
. The complexW has a quotient (O(−4)⊕O(−3)2) [1]. In turn, the Euler
sequence yields a morphism α whose cokernel(
O(−4)⊕O(−3)2
) α
−→ O(−3)5 → T (−4)→ 0
is a twist of the tangent bundle of P2 (α is the identity on theO(−3) summands). The map α
is an epimorphism in Cohβ(P2) if and only if T (−4) ∈ T β , which is the case for β < −5
2
.
Case β ≥ −5
2
. Now we have T (−4) ∈ Fβ , so the map α constructed above is not an
epimorphism. Let
Q :=
(
O(−4)⊕O(−3)2 ⊕ T (−4)
)
[1],
we will produce an epimorphism α′ : W → Q in Cohβ(P2). It suffices to construct an epi-
morphism
γ : O(−2)2 ⊕O(−1)→ T (−4)[1].
indeed, one can combine the exact sequence of complexes
(4) 0→ O(−2)2 ⊕O(−1)→W
α1−→
(
O(−4)⊕O(−3)2
)
[1]→ 0
and the vanishing of
Ext1(
(
O(−4)⊕O(−3)2
)
[1], Q) = 0
to show that γ lifts to α2 : W ։ T (−4)[1] and α
′ := α1 ⊕ α2 is the desired epimorphism.
The only mapO(−1)→ T (−4)[1] corresponds to a non-trivial extension
T (−4)→ E → O(−1).
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SinceT (−4) ≃ Ω1(4)⊗det(T (−4)) ≃ Ω1(−1), we recognize the Euler sequence andwrite
E = O(−2)3 ∈ T β . In other words, there is a short exact sequence inCohβ(P2)
0→ O(−2)⊕3 → O(−1)
γ′
−→ T (−4)[1]→ 0
and γ can be defined to be the composition of γ′ with the projection on the second factor.
Remark 3.5. This example can be viewed as an instance of the existence part of the valuative
criterion for Quot spaces, if we interpreted the base space to be S × (−3,−2], as in Remark
3.4. With this interpretation, what we described is the family of quotients parametrized by a
curve through a point in S ′ × {−5
2
}.
3.4. Point quotients of plane conics and Gieseker-type walls. Before the next example,
we introduce another interesting t-structure.
Definition 3.6. Let Y a smooth projective variety of dimension e, fix a positive rational
polynomial δ of degree e− 1 and an ample classH . Then, define the categories:
T δ = {E ∈ Coh(Y ) : for all quotients E ։ G 6= 0, one has pG >
te
e!
+ δ}
F δ = {E ∈ Coh(Y ) : for all subsheaves 0 6= F ⊂ E, one has pF ≤
te
e!
+ δ}
where pE is the reduced Hilbert polynomial ofE (with respect toH ), and we set pE = +∞
if E is torsion ([HL10, Def. 1.2.3]). The pair (T δ,F δ) defines a torsion pair on Coh(Y ).
The resulting abelian category 〈F δ[1], T δ〉 is denoted Cohδ(X), and we denote by τ δG the
corresponding t-structure onDb(Y ).
Consider the following example. Let S := HomP2(OP2(−2),OP2) = A
6, denoteX :=
P2 × S and let V ∈ D(X) be the universal object. Let Cp be a skyscraper sheaf at p ∈ P
2,
and Ip the corresponding ideal sheaf. Denote byQ
β
S the Quot space
Quotτ
β
X/S(V, [Cp])(S)
as β varies in an interval I := (−1 + ǫ,−1 − ǫ).
If 0 6= φ ∈ S , then Vφ ≃ OC for a conic C , and Q
β
S\{0} can be compactified as the
universal conic
C → P(H0(P2,O(2))).
Suppose now that φ = 0. For β > −1 (which implies O(−1) ∈ Fβ), we see that the only
possible cohomology sequence of a quotient V0 → Q inQ
β
S is
(∗∗) O(−2)→ O(−2)→ 0→ Ip → O → Cp.
Indeed,H0(Q) has to be torsion, which forcesH−1(Q) to also be torsion, hence zero. Noth-
ing changes as β crosses the wall at−1; the possible quotients are exactly the same and yield
Qβ0 ≃ P
2.
Notice that, by definition, Cohβ(X) does not distinguish between torsion free sheaves
with the same rank and degree (e.g. between O and Ip). Let δ
± = pIp ± ǫ and consider
Cohδ
±
(P2). A quotient inCohδ
−
(P2) is readily seen to agree with the sequence (∗∗).
On the other hand, observe thatOP2 ∈ Coh
δ+(P2) but Ip ∈ Coh
δ+(P2)[−1], so none of
the (∗∗) are quotients inCohδ
+
(P2). They get replaced by sequences
0→ O(−2)
ψ 6=0
−−→ Ip → Ip ⊗OC
0
−→ O → O
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which are parameterized by a P4-bundle over P2 whose fiber over p ∈ P2 is the linear series
|Ip(2)| of conics through p. This realizes the scheme parameterizing quotients inCoh
δ+(P2)
as the blowup of Q−1+ǫS along Q
−1+ǫ
0 . Remarkably, this further step of the wall-crossing is
not detectable using Mumford slope only. This principle will be applied in Section 5.
4. Quot spaces on curves: stable pairs
The goal of this Section is to compare the moduli spaces of stable pairs introduced and
studied, for example, in [Bra91, Tha94, Ber97] with the Quot functors defined above. Let C
be a smooth curve of genus g ≥ 2. A Bradlow–Thaddeus–Bertram pair (or BTB-pair, or just
pair if no confusion arises in the context) is the datum of a vector bundle with a global section.
4.1. BTB-pairs as quotients. Before we proceed, we fix some notation: given a vector bun-
dle E over a smooth projective variety B, denote by P(E) = Proj(Sym∗E) the projective
bundle of one dimensional quotients of E. We denote by P(E) := P(E∨) the projective
bundle of lines ofE. We will make use of the following lemma:
Lemma 4.1 ([HL10, Ex. 2.1.12]). Let F ,G be coherent sheaves on a smooth projective varietyX ,
and letE = Ext1 (F,G). Then there is a universal sequence onP(E)×X (with projections p and
q to P(E) andX , respectively), which reads
(5) 0→ q∗F ⊗ p∗OP(E)(1)→ E → q
∗G→ 0.
BTB-pairs admit stability conditions with respect to a parameter σ ∈ R:
Definition 4.2. A BTB-pair (E, φ ∈ H0(E)) is (semi)stable with respect to σ if for all F ⊆
E:
(i) µ(F ) < (≤)µ(E)− σ
(
1
rk(F )
− 1
rk(E)
)
if φ ∈ H0(F );
(ii) µ(F ) < (≤)µ(E) + σ
(
1
rk(E)
)
if φ /∈ H0(F ).
Fix a Chern class (r, d) with r, d ∈ Z and a parameter β ≥ d
r
. Then we have:
Lemma 4.3. Suppose E is a vector bundle on C with ch(E) = (r, d), and O
φ
−→ E is a stable
BTB-pair with respect toσ := βr−d. Thenφ[1] : OC [1]→ E[1] is an epimorphism inCoh
β(C).
Conversely, an epimorphism OC [1]→ E[1] determines a semistable BTB-pair.
Proof. LetQ be a quotient of coker(φ), and let F ⊂ E be the kernel of the composition
E → coker(φ)→ Q.
Thenφ factors throughF , and condition (i) of Definition 4.2 impliesµ(Q) > µ(E)+ σ
r
= β.
So coker(φ) ∈ T β .
If F is a subsheaf of E , then one among conditions (i) or (ii) holds. Because we chose
β ≥ µ(E) we have σ ≥ 0, so either condition implies µ(F ) < β , hence E ∈ Fβ , and φ[1]
is an epimorphism in Cohβ(C). Reversing this argument we only get non-strict inequalities
from the conditionE ∈ Fβ , so we obtain a semistable BTB-pair. 
We now follow the approach of [Ber97] and describe rank 2 BTB-pairs directly in the
framework of Quot schemes in a tilt. Let v = (2, d) be the Chern character of a vector
bundle of rank 2 and degree d ≥ 0, and denote by Qβ(v) ⊂ Quotτ
β
C/pt(OC [1],−v)(pt) the
space of quotients whose determinant bundle is a fixedOC(D) (see Def. 2.6). The results of
this section can be summarized in the following theorem:
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Theorem 4.4. Let σ = 2β − d, and denote byM
(s)s
σ (2, D) the moduli spaces of σ-(semi)stable
BTB-pairs of rank 2 and determinant OC(D). If M
ss
σ (2, D) ≃ M
s
σ(2, D), then there is an
isomoprhism
Qβ(v) ≃Msσ(2, D).
Otherwise,Qβ(v) ≃Msσ′(2, D), where σ
′ = σ+ ǫ for some 0 < ǫ≪ 1. Moreover, there is a se-
quence of moduli spaces and birational maps as in diagram (1) induced by interpolating determinant
line bundles in Pic (Qβ).
Proof. The first part of this result is a combination of Lemma 4.3 with Propositions 4.5 and
4.6. The second part of the statement follows from the computations in Sec. 4.2. 
Proposition 4.5 (Boundary cases). (i) The scheme Qβ(v) is non-empty only if the parameter
β ranges in the interval [µ(E), µ(OC(D))) =
[
d
2
, d
)
.
(ii) If β ∈
[
d
2
, ⌈d+1
2
⌉
)
, for all quotients OC → E inQ
β(v),E is semistable.
(iii) If β ∈ [d− 1, d), thenQβ(v) = P(Ext1(OC(D),OC)).
Proof. If β ≥ d, then the cokernel ofOC → E does not belong to T
β . Similarly, for β < d
2
we have thatE 6∈ Fβ .
If β ∈
[
d
2
, ⌈d+1
2
⌉
)
, all subobjects F ⊂ E have slope smaller than or equal to d
2
, becauseFβ
is closed under taking subobjects. ThereforeE is semistable.
Let β ∈ [d− 1, d) and consider an objectOC → E → K inQ
β(v). Then the cokernel
K is isomorphic toOC(D), and such sequences are parametrized byP(Ext
1 (OC(D),OC)).

Proposition 4.6 (Description of walls). Denote by Γ the set Γ =
[
d
2
, d
)
∩ Z.
(i) We have an isomorphism Qβ1(v) ≃ Qβ2(v) if and only if β1 and β2 lie in a subinterval
[c, c+ 1), c ∈ Γ, or in
[
d
2
, ⌈d+1
2
⌉
)
.
(ii) Suppose c = d − n ∈ Γ and β− < c ≤ β+ are real numbers in two neighboring inter-
vals among the ones above. Denote byW±c the subscheme ofQ
β±(v) parametrizing c-critical
objects. Then there exists an effective divisor A ∈ Pic (C) of degree n, and a diagram
Qβ
−
(v) Qβ
+
(v)
W−n W
+
n
Qβ
−
(−(1, n))
φc
⊂
f−n
⊂
f+n
where fc is an isomorphism away from the critical loci, f
− and f+ are projective bundles of
rank g−2+d−2n andn−1 respectively, with fiberF− = P(Ext1 (OC(D − A),OC(A)))
and F+ = P(Ext1 (OA,OC(D − A))).
Proof. A quotientOC → E → K is critical inQ
β(v) only ifK has a quotient T of slope β.
This can only happen if T has rank 1, so β is an integer.
Let β = d− n. If an object is β-critical inQβ
−
(v) then there exists an effective divisorA
of degree n such that the following diagram commutes
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OC(A) OA
OC E K
OC(D − A)
f
The diagram is the datum of an object OC [1] → OC(A)[1] in Q
β−(−(1, n)), and an ex-
tension in F− = P(Ext1 (OC(D − A),OC(A))). Similarly, a β-critical object in Q
β+(v)
corresponds to a diagram
OC(D − A)
OC E K
OC(A) OA
f
which is the datum of a mapOC → OC(A) and of an extension class in F
+. 
Thus, we obtain diagram (1) and observe that every map in it is an isomorphism off of the
W±n .
Remark 4.7. (i) In the setting of Prop. 4.6, we have (d−n)− > n. Then it is straightforward
to check thatQβ
−
(−(1, n)) can be identified with the space of all effective line bundles
of degree n. This space is the symmetric productC(n).
(ii) Combining this and Proposition 4.6, we see that W−1 is a divisor and f
−
1 is a blow-
down, while the maps φc are isomorphisms off a codimension two locus for c ≤ d− 2.
Therefore we can identify the Picard groups of the Qβ(v), for β ∈ [
d
2
, d − 1). Their
generators are (the strict transforms of) H and E , which are the hyperplane class in
Qd−1(v) = P(Ext1 (OC(D),OC)) and the exceptional divisor of f
−
1 , respectively.
(iii) In [Tha94], the author obtains a diagram like (1) for moduli spaces of BTB-pairs and
traces sections ofO(H) across the diagram to give a proof of the Verlinde formula.
4.2. Determinant line bundles. In this section we construct determinant line bundles on
Qβ(v) which govern the transformations in diagram (1). Determinant line bundles can be
constructed on moduli spaces of sheaves via Fourier-Mukai transforms, we recall here the
construction and refer the reader to [HL10] for the details.
LetK be a flat family of sheaves on a smooth projective varietyX parametrized by a Noe-
therian schemeS. Denote by [K] its class inK0(X×S). Since the projection p : X×S → S
is smooth, the assignment
p! [F ] =
∑
(−1)i
[
Rip∗F
]
is a homomorphism p! : K
0(X × S)→ K(S) (see [HL10, Cor. 2.1.11]).
Definition 4.8 ([HL10, Definition 8.1.1]). Let λK : K(X)→ Pic (S) be the composition
K(X)
q∗
−→ K0(X × S)
·[K]
−−→ K0(X × S)
p!−→ K(S)
det
−→ Pic (S),
where det is the determinant map and q : X × S → X is the other projection.
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This is the Fourier-Mukai transform associated toK composedwith the determinantmap.
To investigate these line bundles, we will use the Grothendieck-Riemann-Roch formula.
Keeping the above notation, for [F ] ∈ K0(X × S), we have
(6) ch(p! [F ]) = p∗(ch [F ] · q
∗ td(X)).
Now we switch back to the case of stable pairs on curves. Fix any β ∈
[
d
2
, d
)
, and let p, q
be the projections on the two factors from Qβ(v) × C . Denote by [K] the class of the flat
family of the cokernels of the sheaf mapsOC → E inK(Q
β(v)×C). Following Definition
4.8, given a classw = r[OC ] + t[Cp] ∈ K(C) we can define a line bundle λK(w) onQ
β(v).
In particular, we are interested in the following two choices:
w1 := [OC ]− d[Cp] · td(C)
−1
w2 := [OC ]− [Cp] · td(C)
−1.
and in the line bundles
M1 := λK(−w1) M2 := λK(−w2)
(which do not depend on the choice of p ∈ C).
Ford−n ∈ Γ, the critical lociW±n are projective bundles overC
(n). We denote byOW±n (1)
the corresponding relatively ample line bundles.
Lemma 4.9. Suppose d− n ∈ Γ. Then, up to tensoring by a line bundle of C(n), the line bundles
M1 andM2 restrict toW
±
n according to the following table:
M1 M2
W−n OW−n (−n) OW−n (d− n− 1)
W+n OW+n (n) OW+n (−d+ n + 1)
Proof. This is an application of the Grothendieck-Riemann-Roch theorem (see (6)). For ex-
ample, we compute the restriction ofM1 on a fiber F := F
−
n ofW
−
n → C
(n). Denote by
L the hyperplane class of F , by P the class of a point on C , and by l and p the respective
pull-backs to F × C . The universal sequence (5) on F × C reads
q∗OC(A)→ E → q
∗OC(D −A)⊗ p
∗OF (−1)
(we twist the sequence by p∗OF (−1) since this preserves the compositionOC → OC(A)→
E , which is fixed data in the fiber). Then we can write the first three entries of the Chern
character
ch≤2(K) = ch≤2(E)− ch≤2(OF×C)
= (1, np, 0) +
(
1,−l,
l2
2
)
(1, (d− n)p, 0)− (1, 0, 0)
=
(
1,−l + dp,
l2
2
+ (n− d)lp
)
Pick w = (1,−tp) td(C)−1, then
[ch(K)⊗ q∗w]≤2 =
(
1,−l + (d− t)p,
l2
2
+ (t+ n− d)lp
)
· q∗ td(C)−1
Pushing forward along p (apply the projection formula, and use the fact thatC has dimen-
sion 1), we get−c1(p!([K]⊗ q
∗w)) = (d− n− t)L, therefore
M1|F = (−n)L.
14
Sequence (5) reads
q∗OC(D −A)⊗ p
∗OF+n (1)→ K+ → q
∗OA
on F+n × C . A similar computation yields in this case
−c1(p!([K]⊗ q
∗w)) = (t+ n− d)L.

As a consequence of Lemma 4.9, one immediately sees:
Proposition 4.10. Let r = β−1
d−1
. Then the line bundleLr := rM1+(1−r)M2 ∈ Pic (Q
β(v))
is ample on Qβ(v) for generic β. For β = c a critical value, multiples of Lr induce the birational
transformations φc of diagram (1).
Remark 4.11. In virtue of part (ii) of Prop. 4.5 there is an additional map
φ : Q
d
2 (v)→M(2, D)
where M(2, D) is the moduli space of semistable vector bundles with rank 2 and deter-
minant OC(D) on C . Let E be the family of semistable vector bundles corresponding to
φ. One checks (see [HL10, Chp. 8] and [BM15, Sec. 4]) that multiples of the line bundle
L := λE
(
−(1,−d
2
)
)
are ample on M(2, D). For β = d
2
we have Lr = λK
(
−(1,−d
2
)
)
.
Since [E ] and [K] only differ in rank, a Grothendieck-Riemann-Roch computation shows
L ≡ Lr onQ
d(v), so that φ is induced by multiples ofLr .
We can perform the constructions of this section without fixing the determinant ofE , but
only its topological type. In that case, part (iii) of Prop. 4.5 shows that there is a map
ψ : Qd−1(v)→ Pic d(C)
mapping a quotient OC [1] → E[1] to the determinant of E. Observe that for β = d we
haveLr =M1 is the determinant line bundle onPic
d(C) constructed in [HL10]. Then φ is
induced by multiples ofLr .
This illustrate the fact that Lr coincides with the line bundles governing the Thaddeus’
flips, described explicitly, for example, in [Ber97].
4.3. Duality and the definition of pairs. It is common in the literature to find definitions
for pairs which are ”dual” to each other, e.g. [Tha94] considers maps from a fixed sheaf, while
[HL95] studies maps to a fixed sheaf. In this section, we reconcile the two notions in the case
of a curveC , and show that they are related by an involution ofD(C) (i.e. an autoequivalence
which is its own quasi-inverse).
Let X be a smooth projective variety of dimension e. Define the functor D : Db(X) →
Db(X) as
(7) D(E) := RHom(E,OX)[e].
Lemma 4.12. The functor D is an involution ofD(X).
Proof. This is because of the natural isomorphismE ≃ D(D(E)) (see [Huy06, Sec. 3.3]). 
First, we compare hearts of bounded t-structures:
Proposition 4.13. Let C be a smooth curve, β ∈ R \Q. Then D(Cohβ(C)) = Coh−β(C).
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Proof. Suppose L is a slope-semistable vector bundle on C , then L∨ = D(L)[−1] is also
semistable, of slope −µ(L). In fact, a maximal destabilizing quotient L∨ ։ Q∨ must be a
vector bundle of slope µ(Q∨) < µ(L∨). Dualizing the quotient we obtain Q ⊂ L and an
inequality µ(Q) > µ(L), which contradicts semistability of L. Sheaves in Fβ are obtained
by repeated extensions of semistable vector bundles of slope µ ≥ β (note that equality is
never attained because slopes are rational), so for F ∈ Fβ one gets D(F [1]) = F∨ ∈ T −β .
Elements ofT β are sheavesT⊕LwhereT is torsion andL is obtained by repeated extensions
of semistable vector bundles of slope µ ≥ β. Then,
D(T ⊕ L) = T ⊕ L∨[1]
where L∨ ∈ F−β . This shows D(Cohβ(C)) ⊂ Coh−β(C), so they must coincide [MS17,
Ex. 5.6]. 
Then we investigate quotients:
Proposition 4.14. Let C be a smooth curve and 0 < β ∈ R \ Q. If OC → G is a quotient in
Coh−β(C) then the dual map D(G)→ OC [1] is an inclusion in Coh
β(C).
Proof. All subobjects ofOC [1] inCoh
β(C) are of the formL⊕OZ whereL is a vector bundle
in T β andZ is a finite length subscheme ofC . Dually, all quotients ofOC inCoh
−β(C) have
the form L′[1] ⊕ OZ′ where L
′ ∈ F−β and Z ′ is a finite length subscheme. These objects
match under the equivalenceD, as shown in the proof of Prop. 4.13. 
This effectively identifies the moduli spaces on a curve constructed using either notion
of pair: an short exact sequence OC(D) → OC [1] → E[1] in Coh
β(C) (corresponding
to the BTB-pair OC → E) is dual to an exact sequence E(−D) → OC → O(−D)[1] in
Coh−β(C) (corresponding to the dual pairE(−D)→ OC ).
5. Huybrechts-Lehn stable pairs as quotients
In this section we interpret stable pairs as defined in [HL95] as generalized quotients, and
extend aspects of Section 4 to higher dimensions, with particular attention to the case of
surfaces.
5.1. Huybrechts-Lehn pairs. A Huybrechts-Lehn pair (HL-pair for brevity, or just pair if no
confusion arises) is defined in [HL95] to be the datum of a map E
a
−→ E0 from a coherent
sheaf E to a fixed sheaf E0 (and is in this sense ”dual” to Thaddeus’ definition). The stability
condition is adjusted from that of BTB-pairs to involve all coefficients of the reduced Hilbert
polynomial, as explained below. LetX be a smooth, irreducible, projective variety of dimen-
sion e. LetO(1) be a very ample line bundle and pickH ∈ |O(1)|. For a coherent sheaf E
onX , denote deg(E) := c1(E).H
e−1. LetPE(t) := χ(E(t)) denote the Hilbert polynomial
of E with respect to H , we assume it has degree e. Let α be a polynomial of degree e − 1
with rational coefficients such that α > 0, we write α =
∑
k<e αkt
e−k (inequalities between
polynomials are meant asymptotically, i.e. they are realized for t≪ 0).
Definition 5.1. A pair (E, a) is said to be (semi)stable with respect to α if:
(i) rk(E)PG < (≤) rk(G)(PE − α) for all nonzero subsheavesG ⊆ ker(a);
(ii) rk(E)PG < (≤) rk(G)(PE − α) + rk(E)α for all nonzero subsheavesG ⊆ E.
Similarly, one defines slope-stability (also called µ-stability):
Definition 5.2. A pair (E, a) is said to be µ-(semi)stable with respect to α1 ∈ R if:
(i) rk(E) deg(G) < (≤) rk(G)(deg(E)− α1) for all nonzero subsheavesG ⊆ ker(a);
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(ii) rk(E) deg(G) < (≤) rk(G)(deg(E)−α1)+rk(E)α1 for all nonzero subsheavesG ⊆
E.
There are implications:
µ-stable =⇒ stable =⇒ semistable =⇒ µ-semistable.
Lemma 5.3 ([HL95]). Suppose (E, a) is µ-semistable. Then ker(a) is torsion-free.
Proof. SupposeG ⊆ ker(a) is torsion. Then, rk(G) = 0 and condition (i) of Definition 5.2
implies that PG = 0 (because rk(E) > 0), henceG = 0. 
A family of pairs parametrized by a Noetherian scheme T consists of a sheaf E onX × T
and amorphisma : E → p∗XE0. (E , a) is a family of (semi)stable pairs if (Et, at) is (semi)stable
onX × {t} for all t ∈ T . Then, one can define functors
M(s)sα (P,E0) :(Sch/k)
op → Sets(8)
associating to a scheme S the set of isomorphism classes of families of (semi)stable pairs
a : E → p∗XE0 parametrized by S , with PEt = P for all t ∈ T .
The main result of [HL95] is:
Theorem 5.4 ([HL95, Thm. 1.21]). LetX be a smooth projective variety of dimension one or two.
Then there is a projective k-schemeMssα (P,E0)which corepresentsM
(s)s
α (P,E0). Moreover, there
is an open subschemeMsα(P,E0) ⊂M
ss
α (P,E0) representing the subfunctorM
s
α(P,E0).
Now we move back to the general setting, and compare the functorsM(s)sα (P,E0) with
certainQuot functors in a tilt ofCoh(X). Fix a positive rational polynomial δ of degree e−1,
and recall the categories T δ ,F δ andCohδ(X) of Definition 3.6. Then we have:
Lemma 5.5. Pick E0 ∈ T
δ . Suppose a : E → E0 is a stable pair with respect to α := pE −
δ rk(E). Then a is a monomorphism in Cohδ(X). Conversely, a monomorphism a : E → E0 in
Cohδ(X) is a semistable pair with respect to α.
Now pick β ∈ R and suppose E0 ∈ T
β , and a : E → E0 is a µ-stable pair with respect to
α1 := µE − β rk(E). Then a is a monomorphism in Coh
β(X). Conversely, a monomorphism
a : E → E0 in Coh
β(X) is a µ-semistable pair with respect to α1.
Proof. The proof is analogous to that of Lemma 4.3. The strict version of condition (ii) in
Definition 5.1 holds if and only ifE ∈ T δ . On the other hand, since ker(a) is torsion free by
Lemma 5.3, condition (i) of Definition 5.1 can be rewritten as
(9) pG < pE −
α
rk(E)
= δ
for all nonzeroG ⊆ ker(a), which implies ker(a) ∈ F δ . Then, the exact sequence
ker(a)→ E
a
−→ E0 → coker(a)
exhibits a as an injection in Cohδ(X). Conversely, ker(a) ∈ F δ is equivalent to the non-
strict versionof (9), which yields semistability for (E, a). The statements about slope-stability
are completely analogous. 
For generic values of the parameter, the notions ofµ-stability andµ-semistability coincide:
Lemma 5.6 ([HL95, Lemma 2.2]). There exists a discrete set of rational numbers {ηi} such that
for δ1 ∈ (ηi, ηi+1) every µ-semistable pair with respect to α is in fact µ-stable and µ-stability only
depends on i.
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In other words, writing δ1 = µ(E) − β rk(E), and letting v ∈ N(X) such that
∫
S
v ·
ch(OX(tH)) td(S) = PE0 − P , we can compare moduli spaces of HL-pairs and Quot
schemes away from the critical values of the parameters:
Corollary 5.7. There is a discrete set of rational numbers Γ such that if β ∈ R \Γ andE0 ∈ T
β
then we have an isomorphism of functors
(10) Msα(P,E0) ≃ Quot
τβ
X/pt(E0, v).
5.2. Huybrechts–Lehnpairson surfaces. In this sectionwe study the behaviour ofmoduli
spaces of rank 2 δ-stable pairsE → OS on a smooth projective surface S , when δ = δ1t+δ2
varies. Fix an ample class on S.
For a topological typew = (w0, w1, w2) inH
∗(S), we denote
δw(t) := −
t2H2
2
−
∫
S
w
w0
· ch(OS(t)) · td(S).
The polynomial δv(t) is the linear truncation of the reduced Hilbert polynomial of a sheaf of
Chern character v on S , and can be thought of as representing the Gieseker slope of the class
v. Fix Chern characters e := ch(E) = (2, L, c) and v := e − (1, 0, 0) = (1, L, c) on S ,
where L is a line bundle of degree−d ≤ 0. For δ as above, consider the scheme
Qδ(v) := Quotτ
δ
S/pt(OS,−v)(pt).
The following discussion follows the structure of Section 4, and its results are summarized
in the following Theorem.
Theorem 5.8. Let Pe denote the Hilbert polynomial of an object of class e, and pe the reduced one.
define α = −2δ − pe. IfM
ss
α (Pe,OS) ≃M
s
α(Pe,OS), then there is an isomorphism
Qδ(v) ≃Msα(Pe,OS).
Otherwise,Qδ(v) ≃Msα′(2, D), where α
′ = α+ ǫ for some 0 < ǫ≪ 1. Moreover, we obtain a
sequence of moduli spaces and birational maps
(11) Qδe · · · Qδv+(0,0,1) Qδv .
φδe φγ2 φγmin
and it results in a sequence (11) of moduli spaces and birational maps analogous to Thad-
deus’ diagrams. Lemma 5.11 indicates candidates for determinant line bundles inducing the
birational maps, in the same spirit as Lemma 4.9.
Proposition 5.9 (Boundary cases). (i) The schemeQδ(v) is non-empty only if the polynomial
parameter δ satisfies δv ≤ δ < δe.
(ii) If δ ≥ δ(1,L/2,(c−1)/2), all quotients E → O → Q inQ
δ(v) have E Gieseker semistable.
(iii) If δv ≤ δ < δv+(0,0,1), the kernelE of every quotient inCoh
δ(S) fits in a short exact sequence
of sheaves
B → E → OS
whereB is a Gieseker semistable sheaf of class v. LetM(v) denote the moduli space of Gieseker
semistable sheaves of class v, there is a mapQδ(v)→ M(v) whose fiber aboveB is the space
P(Ext1(OS, B)).
Proof. If δ < δv , the sheaf kernel H
−1Q of the map E
α
−→ OS must have either degree less
than d, or ch2(K) < c = ch2(E). Either of these conditions implies that Imα cannot be a
subsheaf ofOS . On the other hand, we have that if δ ≥ δe then no sheaf of class e belongs to
Cohδ .
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If δ ≥ δ(1,L/2,(c−1)/2) all sheaf quotients ofEmust haveGieseker slope bigger than δe since
they lie in T δ , henceE is semistable.
If δv ≤ δ < δ(1,L,c+1), thenB := H
−1Qmust have slope δv , andE → OS is a surjection.
Moreover, all subsheaves ofB are inF δv and therefore do not destabilizeB. 
Now we construct the set of critical values for δ. The idea is the following: every map
E → OS admits a sheaf kernel H
−1Q. Let (1, β, n) ∈ N(S) be the numerical class of a
subsheafB ⊂ H−1Q. SinceH−1Q ∈ F δ , B is a rank 1 torsion free sheaf, hence it satisfies
the Bogomolov-Gieseker inequality: 2n ≤ β2. Similarly, the cokernelG ofB → E satisfies
the Bogomolov-Gieseker inequality, and is a subsheaf ofOS . In other words,
2(c− n) ≤ (ch1(L)− β)
2.
Then the setΓ below is the set of critical values for δ: for a divisor classβ ∈ NS (X) satisfying
β.H ∈ [−d,−d
2
], let Iβ be set of integers in
[
c− (ch1(L)−β)
2
2
, β
2
2
)
. We denote by Γ′ the set
{(1, β, n)}where β ∈ NS (X) is as above and n ∈ Iβ . Set
Γ := {δγ | γ ∈ Γ
′}.
We can think of Γ as a discrete set partitioning an ordered family of polynomials, varying
from δv to δe, in neighboring intervals.
Proposition 5.10 (Description of walls). (i) We have an isomorphism Qδ1(v) ≃ Qδ2(v) if
and only if δ1 and δ2 are not separated by an element of Γ.
(ii) Suppose γ := (1, β, n) ∈ Γ′ and δ− < δγ ≤ δ
+ are polynomials in two neighboring
intervals. Denote by W±γ the subscheme of Q
δ±(v) parametrizing γ-critical objects. Then
there is a diagram
Qβ
−
(v) Qβ
+
(v)
W−γ W
+
γ
M(γ)× Hilb(X,P )
φγ
⊂
f−γ
⊂
f+γ
whereM(γ) denotes the moduli space of semistable sheaves on X of class γ (and the polyno-
mial P is constructed below), the map φγ is an isomorphism away from the critical loci, and
the fibers of f− and f+ above a point (B, [OS → OZ ]) are the projective spaces F
− =
P(Hom(B,OZ) and F
+ = P(Ext1(IZ , B).
Proof. If a quotientE → O → Q inQδ(v) is critical, there is an injectionB[1]→ Q where
B satisfies δch(B) = δ. In other words, there is a diagram
B
H−1Q E OS H
0Q
By construction of Γ′, ch(B) takes values in Γ′, hence δ ∈ Γ. This proves the first part.
The critical quotients inQδ
+
(v) are those which fit in a diagram
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(∗)
B[1]
E OS Q
C OS A
B[1]
where all rows and arrows are exact sequences inCohδ
+
(X), andB is a Gieseker semistable
sheaf with δch(B) = δγ .
One sees that the only possibility for this to happen is for B to coincide with H−1Q: the
sequence in cohomology of the rightmost column of (∗) reads
B → H−1Q→ H−1A→ 0→ H0Q→ H0A.
Since rkB = rkH−1Q = 1, H−1A must be zero and B ≃ H−1Q. This also implies that
A = H0A ≃ H0Q is the structure sheaf of a subscheme Z of X with Hilbert polynomial
P = PQ − PB[1]. Then, C is the ideal sheaf corresponding to Z . The diagram (∗) can then
be reconstructed fromB and Z with the datum of an extensionB → E → IZ .
Similarly, critical quotients ofQδ
−
(v) fit in a diagram
(∗∗)
B
IZ OS OZ
E ′ OS Q
′
B
where rows and columns are short exact sequences in Cohδ
−
(X). In this case, it’s enough to
specify a mapB → OZ to reconstruct the diagram fromB and Z .
In this way, we get the diagram (11) and see that every birational map is an isomorphism
off of the wallsW±γ . 
Nowwe sketch a Grothendieck–Riemann–Roch computation on certain determinant line
bundles, in analogy with Section 4.2. Fix δv ≤ δ < δe, and let [E ] be the class of the universal
kernel in K0(Qδ(v) × X), and let p, q denote the projections on the two factors. For α ∈
K(X), consider the line bundle
λE(α) = det (p! ([E ] · q
∗α)) ∈ Pic (Qδ(v)).
Consider γ ∈ Γ′, δγ ∈ Γ, and the corresponding loci W
±
γ of critical quotients. Since
the determinant construction commutes with base change, we can compute λE(α)|W±γ ≃
λE
|W±γ
(α). By Prop. 5.10, the fibers ofW±γ overM(v)× Hilb(X,P ) are projective spaces.
Our goal is to compute the restriction of certain determinant line bundles to those fibers.
We illustrate the computation of the restriction to F− = P(Hom(B,OZ).
By theGrothendieck-Riemann-Roch theorem, det (p! ([E ] · q
∗α)) coincideswith the codi-
mension one part of the push forward of ch(E) ·q∗(α ·td(X)) toF−. SinceX has dimension
2, one needs to consider codimension 3 cycles pushing forward to codimension 1 cycles. Let
H be the hyperplane class inF−, and denote by h its pull-back, the cycles we are interested in
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are of the form h ·ψ, whereψ is the pull back of a zero dimensional cycle onX . The universal
sequence on F− reads:
0→ B ⊠OF−(−1)→ q
∗OZ → Q→ 0
whereQ is the universal quotient restricted to P−. Therefore we have
ch(E) = q∗(ch(OX)− ch(OZ)) + q
∗γ · exp(−h).
Then, the relevant coefficient of h in ch(E) · q∗(α td(X)) is exactly the codimension two
part of−γ · α td(X), which by Hirzebruch-Riemann-Roch coincides with−χ(γ, α).
An identical computation starting with the the universal sequence inW+γ , which reads
0→ E → q∗IZ → B[1]⊠OP+(1)→ 0,
shows that λE(α) restricts to χ(γ, α)H in F
+.
Like in Section 4, we choose two cohomology classesαmin andαe chosen to be orthogonal,
respectively, to (1, D, c) and e. Then we define the line bundles
M1 := λE(−αmin) M2 := λE(−αe)
The computation above shows
Lemma5.11. For δγ ∈ Γ, the line bundlesM1 andM2 restrict toχ(v, αmin)H and χ(v, αe)H
on the fibers F−γ , and to the opposites on F
+
γ .
Notice that we do not claim that the critical lociW±γ are projective bundles, like in the case
of curves. This is why we carry out the computation above fiberwise, and not on the whole
W±γ . An analog of Prop. 4.10 would require a more careful analysis of the critical loci, which
we don’t do in this note.
6. Further questions and applications
This section outlines two possible directions of investigation for generalizedQuot schemes
on surfaces. We provide some evidence motivating the importance of these examples.
6.1. Analog of BTB-pairs on surfaces. In this section we work on a smooth projective
surface S , and assume that S contains no curve of negative self-intersection. We consider a
class of quotients of the form
(12) OS → L[2],
where L is a line bundle with sufficiently negative degree. Observe that these maps are a
two-dimensional analog of BTB-pairs on a curve C :
E(−D)→ OC → OC(−D)[1],
(see case (iii) of Prop. 4.5).
We aim to interpretmaps (12) as quotients in an abelian category obtainedwith a double tilt
ofCoh(S). Given an ample classH onS and parametersα > 0 andβ ∈ R one can construct
a stability condition σα,β = (Coh
β(S), Zα,β) as shown in [AB13] (see also [MS17]). Its slope
function is given by
να,β(E) =
chβ2 (E)−
α2
2
chβ0 (E)H
2
chβ1 (E)H
(where chβ = e−βH ch is the twisted Chern character).
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Definition 6.1. Let
T θα,β = {E ∈ Coh
β(S) | any quotientE ։ G satisfies να,β(G) > θ}
F θα,β = {E ∈ Coh
β(S) | any subobject F →֒ E satisfies να,β(F ) ≤ θ}
and define Aθα,β = 〈F
θ
α,β[1], T
θ
α,β〉 to be the corresponding tilt of Coh
β(S). We use τ θα,β
to denote the corresponding t-structure.
Let v = (1, ch1(L),
L2
2
) ∈ H∗(S) denote the Chern character of a line bundle L on S of
degree−d ≤ 0. For a map (12) to be inAθα,β , a necessary condition is thatOS ∈ T
β ∩ T θα,β ,
and that the class v satisfies µ(v) ≤ βH2 and να,β(v) ≤ θ. This can only be arranged if
0 > βH2 > −d and
να,β(−v) =
dβ + L
2
2
+H2(β
2
2
− α
2
2
)
−d− βH2
<
H2(β
2
2
− α
2
2
)
−βH2
= να,β(OS).
This rewrites as
dβ + L
2
2
+ (−βH2)να,β(OS)
−d − βH2
< να,β(OS)
d
(
β +
L
2d
+ να,β(OS))
)
> 0.
We summarize the above in the following:
Setup6.2. LetS be a smooth projective surface containing no negative curves. Fix aChern character
v = ch(L)whereL has degree−d < 0, with d large enough to haveH0(S, L) = 0 (and therefore
|KSL
−1| 6= ∅). Choose parameters β and α such that:
(i) −d < β ≪ 0;
(ii) α > 0 such that dβ + L
2
2d
+ dνα,β(OS)) > 0;
For the rest of the section we assume 6.2 and consider the Quot schemes
Qθ(v) := Quot
τθα,β
S/pt(O, v)(pt).
Denote θ0 := να,β(v). Note that the image of να,β is discrete, and the few next bigger values
after θ0 are θk := να,β(v + (0, 0, k)) = να,β(−v) +
k
d+βH2
(as a consequence of the choices
ofα and β: every increment in ch0 or ch1 would change να,β significantly). Nowwe describe
Qθ(v) and a wall-crossing as θ varies.
First, we record a Lemma for future use:
Lemma 6.3 ([Noo09, Cor. 3.3]). Suppose X ∈ T θα,β and Y ∈ F
θ
α,β , so that Y [1] ∈ A
θ
α,β . A
map ǫ : X → Y [1] corresponds to an extension Y → K → X in Cohβ(S). Then ǫ is surjective
inAθα,β if and only ifK ∈ T
θ
α,β .
Proposition 6.4. Under the assumptions 6.2, pick θ0 ≤ θ < θ1. ThenQ
θ(v) ≃ |KSL
−1|.
Proof. Consider a quotient {OS → N} ∈ Q
θ(v). Our choice of θ implies that N = M [1]
whereM ∈ Cohβ(S) in a σα,β-semistable object of class−v (argue as in the proof of Prop.
4.5). Since S has no curve of negative self intersection, [AM16, Thm. 1.1] implies that σα,β-
semistable objects of class−v are exactly shifts of line bundles of class v (such objects are the
only σα,β-semistable objects in the Large Volume Limit, and [AM16] shows that there are no
walls for their class). In other words, we must haveM ≃ L[1] for some line bundleL of class
v.
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On the other hand, every non-zero map q : OS → L[2] is surjective in A
θ
α,β : the cone C
fits in a non-split exact sequence inCohβ(S)
L[1]→ C → OS
so να,β(C) > θ. If C /∈ T
θ
α,β then it would split the sequence by our choice of θ, so we
can conclude by Lemma 6.3). As a consequence, the Quot scheme coincides with the whole
projective space P(Hom(O, L[2])) ≃ |KSL
−1|. 
Much like in the curve case, we aim to provide a geometric interpretation of wall-crossing
phenomena for Qθ(v). We recall Terracini’s lemma and the geometric construction which
will be needed later. Keep the notation as above. Then the linear series |KSL
−1| ≃ PN
contains a copy ofS embeddedwith themap sending p ∈ S to the compositionOS → Cp
a
−→
L[2] (here the first map is restriction ofOS , and a ∈ Hom(Cp, L[2]) ≃ Hom(L,Cp ⊗ ωS)
∗
is the dual of the restriction of L to its fiber over p). In other words, p ∈ S ⊂ |KSL
−1|
coincides with the one dimensional quotientH0(KSL
−1)/H0(KSL
−1Ip).
Thus, we can identify the tangent space TpP
N withH0(KSL
−1Ip). Similarly, if p 6= q are
two points of S , the secant line through p and q in PN is identified by the two dimensional
quotientH0(KSL
−1)/H0(KSL
−1Ip ⊗ Iq). Finally, we recall:
Lemma 6.5 (Terracini). The normal spaceNpS is identified withH
0(KSL
−1I2p ).
The first wall crossing corresponds to the value θ1 = να,β(−v) +
1
d+βH2
.
Proposition 6.6. For θ1 ≤ θ < θ2, thenQ
θ(v) has one irreducible componentQ′ which coincides
with the blowup of |KSL
−1| along S , embedded as above. This component intersects the others in
the exceptional locus of the blowup.
Proof. The first wall is given by quotientsO → L[2]which factor through a map
(∗) : O →M → L[2]
where [M ] = [Cp]. We claim that in fact,M has to be a skyscraper sheaf. Indeed, the map
a : M → L[2] is surjective, hence its coneK = ker a belongs to Aθα,β . By our choice of θ,
this implies thatK is σα,β-semistable. By [MS17, Lemma 6.18], we must have thatH
−1K is
torsion free and µ-semistable andH0(K) is supported on points. The only possibility is that
K = D(L−1Iq)[−1] for some q ∈ S (see (7). In particular,H
0K ≃ Cp andH
−1K ≃ L, and
thereforeM ≃ Cq . In other words, the quotients (∗) correspond exactly to the points of S
in |KSL
−1|.
The quotients appearing after the wall crossing are extensions in Ext1(Cp,D(L
−1Iq)) =
0. In other words we have
O։ Cp ⊕ D(L
−1Iq) =: Q
and the snake lemma
(∗∗)
D(L−1Iq)
E O Q
Ip O Cp
D(L−1Iq)
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shows that the datum of such a quotient is the datum of a surjective map Ip → D(L
−1Iq).
We claim that every map b : Ip → D(L
−1Iq) is a surjection inA
θ
α,β : indeed, by our choice of
θ, the distinguished triangle
(13) D(L−1Iq)[−1]→ C(b)→ Ip
implies thatC(b) ∈ Aθα,β , as long as the triangle (13) doesn’t split on any Jordan-Ho¨lder factor
of D(L−1Iq)[−1]. But D(L
−1Iq)[−1] is stable: by our choices of the parameters, ImZα,β
attains its positive minimal value atD(L−1Iq)[−1].
If p = q, the space
Hom(Ip,D(L
−1Iq)) ≃ H
0(Ip ⊗
L KSL
−1Iq)
∗
admits a codimension 1 subspaceH0(KSL
−1I2p )
∗ (see Remark 6.7), which is identified with
NpS
∗ by Terracini’s lemma. This implies that the moduli space after the first wall has an
irreducible component isomorphic to BlS(P
N), which intersects other components in the
exceptional locus. 
Remark 6.7. The functor (7) and Serre duality yield an isomorphism of functors
Hom(−,D(L−1Iq)) ≃ H
0(−⊗L KSL
−1Ip)
∗.
Tensoring Ip → O → Cp byKSL
−1Ip yields
KSL
−1 ⊗
[
Tor1(Ip,Cp)→ Ip ⊗ Ip
a
−→ Ip → Ip/I
2
p
]
where a factors thorugh I2p . Taking global sections on the short exact sequence I
2
p → Ip →
Ip/I
2
p and dualizing, we get
0 = H1(KD−1I2p )
∗ → H0(Ip/I
2
p )
∗ → H0(KD−1Ip)
∗ → H0(KD−1I2p )
∗ → 0
which is naturally identified with the sequence
0→ TpS → TpP
N → NpS → 0.
Remark 6.8. With similar arguments, one can focus on the componentQ′ and study the next
wall. Reasoning in analogy with the case of curves, we expect it to involveΣ′, the strict trans-
form of the variety Σ of secant lines of S inQ′ (see [Ber97]). The goal would be to describe a
diagram of birational transformations analog to (1) in the context of algebraic surfaces.
The starting point is the following observation: the second wall involves quotients O →
L[2]which factor throughOZ , whereZ is a length 2 subscheme of S. A quotient of this form
corresponds to a point on the secant line to S through the points {p1, p2} = SuppZ (if Z
is reduced), or on the tangent line to S determined by Z (if Z is non-reduced), but off the
surface S. In other words,Σ′ \E contains quotients that are critical for the secondwall. The
analysis of points inΣ′∩E gets more involved, and we leave it as an open question for future
investigation.
6.2. Comparison with Pandharipande–Thomas stable pairs. In [PT09] (see also [PT10,
Appendix B]), the authors define the moduli space P (S) of stable pairs (F, s) where F is a
sheaf of fixed Hilbert polynomial supported in dimension one and s ∈ H0(S, F ) is a section.
The stability condition is:
(1) the sheaf F is pure;
(2) the section s has 0-dimensional cokernel.
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PT pairs can be constructed as Quot schemes in a single tilt as in [Bri11, Lemma 2.3], here
we compare them with another Quot scheme of quotients in a double tilt.
A special class of stable pairs is given by (ι∗(KCL
−1
C ), s) where LC is a line bundle on a
curve C of class γ ∈ H2(S,Z), and s is induced by an element ofH
0(C,KCL
−1
C ). Since ι is
affine, we have
H0(S, ι∗(KCL
−1
C )) ≃ H
0(C,KCL
−1
C ) ≃ H
1(C,LC)
∗
≃ H1(S, ι∗LC)
∗ ≃ Hom(OS, ι∗LC [1])
∗.
(14)
These isomorphisms suggest a relation between PT pairs and maps
(15) q : OS → ι∗LC [1].
We now find necessary conditions to interpret q as a quotient inAθα,β . Let d be the degree
of LC , we write e := d−
γ2
2
and assume d≪ 0. Then set
v := ch(ι∗LC) = (0, γ, e).
As before, a necessary condition for a map q to be in Aθα,β is that OS ∈ T
β ∩ T θα,β , and
να,β(v) ≤ θ (since µ(v) = +∞, so that a sheaf of class v cannot belong to F
β for any β). In
other words, the necessary conditions are β < 0 and να,β(v) < να,β(OS). The inequality
reads
e
γH
− β <
β2 − α2
−2β
Rewrite this as
2β2 − 2
βe
γH
< β2 − α2
α2 +
(
β −
e
γH
)2
<
(
e
γH
)2
the equation of a circle centered at the point (α = 0, β = e
γH
). Then, fix parametersα0, β0 =
e
γH
near the center of this circle: they satisfy the necessary conditions.
As an example, we describe theQuot scheme one obtains under the simplifying assumption
that γ is an indecomposable effective curve class class satisfying γ.H = 1 and γ2 = 1. In this
case, it is easy to classify σα,β-semistable objects of class v for α > 0 and β0 = e. In fact, we
have
Lemma 6.9. For allα > 0, the σα,e-semistable objects of class v are pure one-dimensional sheaves
supported on a curve of class γ. Moreover, all these objects are stable.
Proof. The usual computation for walls (see for example [APR19, Prop. 2.9]) shows that a
potential destabilizerF ′must have chβ1 (F
′)H = 0 by our assumption on γ. This implies that
F ′ ∈ P(1) is always destabilizing for all values of γ. In other words, if F is σα,e-semistable
for some α > 0, then it is semistable for all α > 0. By the Large Volume Limit, F must then
be a pure one dimensional sheaf supported on a curve of class γ. Stability follows because
ImZα,e(F ) is the minimum for ImZα,e. 
Nowwegive a descriptionofQθ(v) := Quot
τθα0,e
S/pt (O, v)(pt) in the casewhen θ = να0,e(v),
under the additional assumptions on γ. LetM denote the moduli space of pure dimension
1 subschemes of S of class γ in S. ThenM is a Hilbert scheme of curves, denote by C and
Pic d(C) the universal curve and the universal Jacobian, respectively. Consider the Cartesian
square
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C ×M Pic
d(C) Pic d(C)
C M
π
ρ
and the vector bundle E := π∗(ρ
∗ωC/M ⊗ P
−1) on Pic (C), where ωC/M is the relative
canonical bundle of C →M, andP denotes the Poincare´ line bundle on C ×M Pic (C). The
fiber of the projective bundleP(E) above a point (C,LC) ∈ Pic (C) isP(H
0(C,KCL
−1
C )) ≃
P(Hom(OS, ι∗LC [1])
∗).
Proposition 6.10. Let θ = να0,e(v). Then the Quot schemeQ
θ(v) is isomorphic to P(E).
Proof. For every closed point t ∈ Qθ(v) we get a map qt : OS → Lt[1]. The chosen value of
θ implies that Lt[1] is σα0,e-semistable. Then, by Lemma 6.9, Lt is a pure one-dimensional
sheaf supported on a curve C of class γ, so every qt has the form (15). Then, qt identifies a
one-dimensional quotientHom(OS, ι∗LC [1])
∗
։ [qt], and the assignment
qt 7→ [qt]
defines a map Qθ(v) → P(E). Conversely, P(E) parametrizes quotients of OS of class v:
observe that all non-trivial maps q : OS → ι∗LC [1] are surjections inA
θ
α0,e, since stability of
ι∗LC [1] (Lemma 6.9) implies that the coneC(q) = K[1] satisfiesK ∈ T
θ
α,β (cfr. the proof of
Prop 6.6). Hence, P(E) admits a morphism toQθ(v). It is straightforward to check that these
morphisms are inverses of one another. 
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